Abstract. The self-consistent ABCD method is used to analyse the fundamental eigenmode of a four-mirror cavity with an active element and an aperture. Practical titaniumactivated sapphire lasers with Kerr-lens mode locking are considered. The ranges of the cavity parameters are found in which the diffraction losses on an aperture are small and decrease with increase in the cavity field intensity as a result of self-focusing. These parameters of a four-mirror cavity are used to demonstrate that the investigated mechanism of discrimination of the radiation fluctuations should make it possible to generate a stable train of ultrashort pulses under conditions of cw and pulsed flashlamp pumping.
A new method for mode locking of cw broadband solid-state lasers was proposed in 1991 and it has since gained wide acceptance: this method is based on self-focusing in intracavity components and it is known as the Kerr-lens mode locking (KLML). The method has been used to generate femtosecond pulses in Ti: sapphire [1 -4] , Nd:YLF [5] , Cr: LiCAF [6] , Cr: LiSAF [7] , and Cr: forsterite [8] lasers. The net effect of the practically instantaneous response of the nonresonant Kerr nonlinearity in the presence of a hard aperture or of a soft aperture, created by the profile of the pump field, is similar to that of a fast saturable absorber. This makes it possible to modulate fluctuations of the radiation field and leads to mode locking.
The field-intensity dependence of the transmission of a modulator composed of a Kerr medium and an aperture is readily explained [9, 10] : it is a complex function of the parameters of the incident beam, Kerr medium, and aperture, and of the positions of the medium and aperture in the cavity. Amplitude discrimination of the fluctuation surges and efficient mode locking are achieved by placing the aperture at that point in the cavity where self-focusing in the active element results in a reduction of the beam radius on increase in its intensity [5, 9] . An analysis of the fundamental eigenmode of the cavity has been used to determine the depth of discrimination of the fluctuations, due to introduction of the aperture, in the case of a cavity with two focusing mirrors [10] [11] [12] [13] .
This has made it possible to estimate the differential gain per one cavity trip [10, 11] and the degree of reduction in the beam radius at the aperture on increase in the field intensity V L Kalashnikov, V P Kalosha, V P Mikhailov, IG Poloiko International Laser Centre at the Belarus State University, Minsk, Belarus Received 22 November 1993; revised version received 28 July 1994 Kvantovaya Elektronika 22 (11) 1103-1106 (1995) Translated by A Tybulewicz in the cavity [12, 13] . The depth of modulation of the fluctuations is greatest for the cavity parameters close to the limits of the stability range [11, 12] . However, in these publications the fundamental mode in a four-mirror cavity has been considered ignoring the influence of the aperture on the mode configuration. Moreover, the feasibility of the KLML method can be judged only by considering simultaneously the diffraction losses on the aperture and the depth of discrimination of fluctuations of the lasing field, which determine, respectively, the threshold and the mode-locking efficiency.
Mode locking by self-focusing is possible only as a result of careful adjustment of the positions and selection of the parameters of intracavity elements, which govern the configuration of the fundamental eigenmode of the cavity [5, 13] . Therefore, we shall find directly the range of the parameters of a cavity with a self-focusing active element and a hard aperture (discrimination zone), and then we shall show that selection of these parameters makes it possible to generate stable trains of ultrashort pulses.
We shall obtain results for cavities close to those actually used [1] [2] [3] [4] , so that the results can be used directly in the design and optimisation of KLML lasers. We shall adopt the self-consistent ABCD method in order to find the spatial distribution of the fundamental Gaussian mode and we shall obtain a general solution of a nonlinear parabolic wave equation for an arbitrary radius of the wavefront of the incident Gaussian beam. We shall use a multistep approach to an analysis of the suitability of a modulator for mode locking: this involves consideration of the small-signal transmission of the system in one round trip through the cavity and the depth of discrimination of this signal, characterised by the derivative of the transmission with respect to the field intensity. It is the most natural definition of the depth of discrimination of a modulator and it was introduced in Ref. [14] for numerical calculation of the parameters of the Kerr self-focusing in a ring laser with a Gaussian aperture; it fits best the ideas of lasing dynamics based on the fluctuation model. Fig. 1 shows schematically the investigated cavity. As shown in Refs [15, 16] , the presence of just one soft aperture, created by the spatial profile of the pump beam, does not ensure efficient mode locking by self-focusing, so that our analysis includes directly a hard aperture. A self-focusing active element is assumed to be placed asymmetrically between spherical mirrors. The transverse spatial distribution of the fundamental Gaussian cavity mode is
where r is the radial coordinate; k is the wave number. The parameters p and R, like the field amplitude V/p 1/2 , vary V L Kalashnikov, V P Kalosha, V P Mikhallov, I G Pololko Figure 1 . Four-mirror cavity of a KLML Ti: sapphire laser [1 -4] . Here, /i 2 are the focal lengths of spherical mirrors or lenses (1,2) ; a, c are the lengths of the highly reflecting (mirror /-mirror 3) and exit (mirror 2-aperture 5) cavity arms; d is the distance from the aperture (5) to the exit mirror (4); "is the real length of the active medium; b i2 is the distance between the mirrors (1,2) and the corresponding end of the active element.
along the cavity axis because of diffraction in free space and in the active medium, and because of transformation in the intracavity components [17] . A change in the radius of curvature R of the wavefront by the lenses and of the beam radius p by the aperture can be described by the transfer functions T(r) = exp(-kr"/2f) and T(r) = exp(-kr/2g), respectively. The effect of a hard aperture is approximated by a Gaussian transfer function with the parameter g = kD 2 /4, where D is the aperture diameter; the optical density of the active medium is also taken into account.
In the self-consistent approach, the parameters of the fundamental cavity eigenmode are found from the condition that they remain invariant after one round trip of the field in the cavity. The nonreciprocity of this mode, due to the presence of the aperture, and the optical properties of the active medium [18] complicate greatly an analytic solution of the dispersion equation for the fundamental eigenmode which follows from this invariance condition. Calculations carried out for the parameters of the fundamental Gaussian mode on the exit mirror (4) yield the following complex dispersion equation:
If a round trip through the cavity begins (at, for example, the exit mirror) from a certain initial amplitude V o of the mode field on the cavity axis, then after a complete round trip the field amplitude becomes V x < V o because of the diffraction losses on the aperture. Out of all the various sets of the cavity parameters which ensure that Eqn (2) has physically meaningful solutions for the eigenmode p > 0, only those are of interest for which the transmission of the system in one round trip through the cavity T = V x / V o is close to unity, i.e. those for which the diffraction losses are small.
When the field intensity inside the cavity increases, selffocusing gives rise to a difference between the configuration of the fundamental eigenmode and the configuration in which only diffraction takes place in the active medium. At the exit from the active element the fundamental mode field is described by Eqn (1) with the parameters modified to 2 /2n; n and n 2 are the linear and nonlinear refractive indices of the active medium; p 0 , R o , and K o are, respectively, the beam parameters and the field amplitude in front of the active medium. Expressions (3) are obtained by generalisation of the solution of a parabolic nonlinear equation describing the propagation of light in a Kerr medium [19] to the case of an incident Gaussian beam with an arbitrary wavefront curvature radius.
Self-focusing in the active element alters not only the beam parameters and the field amplitude on the cavity axis, but also the transmission in a round trip in a cavity, even when the initial field is the fundamental cavity eigenmode. We compared the changes in the amplitudes of this mode on the exit mirror for two different initial amplitudes V\ and V 2 > V x and found such cavity configurations for which the transmission in one round trip increases when the amplitude of the initial field is increased. The derivative of the small-signal transmission with respect to the intensity was used to find the 'depth' of the investigated discrimination of the fluctuation spikes in the laser radiation. This depth is the key parameter of any passive radiation modulator and it governs its ability to ensure mode locking and generation of ultrashort pulses. Fig. 2 shows the ranges of the parameters in which a fourmirror cavity with a Ti: sapphire active element (n 2 = 3 x 10~ cm" kW" 1 ) and an aperture is capable of discrimination of fluctuations of the radiation with smaller amplitudes. All the distances between the intracavity elements and their parameters are selected to be close to those typical of real KLML Ti: sapphire lasers. In our calculations we assumed the following: the focal lengths of the mirrors f x =/ 2 = 5 cm; the length of the Kerr medium z = 1 cm; the aperture diameter D = 1 mm; the distance between the aperture and the exit mirror Figure 2 . Ranges of the cavity parameters (shown in black) ensuring discrimination of the field fluctuations by self-focusing in the active element. In the case of a cavity whose parameters lie within these ranges, the small-signal round-trip transmission is T > 0.5 (a, c, d) or 0.9 (b), and the depth of this discrimination is 6 T/dVg > 10~8 cm" kW~' (a, b), 5 x 10^8 cm 2 kW" 1 (c), and 3 x 10~7 cm 2 kW~' (d). The shaded regions are the stability zones of the aperture-free cavity (g = oc).
We assumed that the laser was tuned by moving two mirrors (1 and 5), so that the discrimination zones were described in terms of the parameters a and b, for a fixed position of the active element relative to the focusing mirror (2) in the exit arm. These zones were found by comparing the round-trip transmission for the initial mode field intensities on the exit mirror V\ = 1 kW cm" 2 and V 2 2 = 4 kW cm" 2 . Our calculations showed that the limits of these zones are practically independent of V\ and V 2 , selected as the initial field amplitudes in the comparison of the transmission of weaker (V x ) and stronger (V 2 ) signals. This remains true up to the intensities which define the range of validity of the parabolic wave equation.
Each discrimination zone consists of two subzones, which correspond to the stability zones of the aperture-free cavity (Fig. 2c) . In the case of the upper discrimination subzone characterised by a large distance between the focusing mirrors the initial transmission is high (compare Figs 2a and  2b) , whereas for the lower subzone the discrimination depth is greater (compare Figs 2a, 2c, and 2d) . Transformation of the discrimination zones of the fluctuation spikes shows that the best results should be obtained for a high initial transmission in combination with a large discrimination depth, which can be achieved near the limit of the stability zone of the aperture-free cavity when the distance between the focusing mirrors is the largest possible.
Discrimination in a four-mirror cavity with a self-focusing active element and an aperture does indeed require a careful positioning of the intracavity elements. We shall demonstrate that the proposed mechanisms and the cavity parameters found by us should ensure mode locking. We shall consider this mechanism simultaneously with other factors that influence the dynamics of formation of ultrashort pulses in KLML lasers. Lasing action in a KLML laser subjected to continuous or pulsed pumping can be simulated by a fluctuation model [20] developed for additive mode locking of cw solid-state lasers. We shall assume that the rate of pumping P k of the active medium is either equal to the constant flux of the pump photons I p under cw conditions or that it depends on the number of the cavity trips in accordance with the expression in the case of pulsed flashlamp pumping; here, T p is the pump pulse duration; 7" cav is the cavity period; k 0 is the serial number of a trip during which the pump intensity is maximal. We shall ignore the role of the soft aperture and assume that the transverse distribution of the pump radiation is uniform. Consequently, the transverse distribution of the output field should remain Gaussian throughout the lasing action. This simplifies greatly the analysis and makes it possible to study lasing dynamics in the course of a very large number of cavity trips by calculating only the field intensity on the cavity axis and the parameters of the Gaussian beam as functions of local time. We shall assume that during the first trip the transverse distribution of the output radiation field coincides throughout the local time window with the transverse structure of the fundamental eigenmode, found with the aid of the dispersion equation [Eqn (2)]. Transformation of the output radiation field from one trip to the next occurs because of the amplification, linear losses, and spectral filtering [20] , and also because of the diffraction losses at the aperture, which depend on the field intensity in the cavity at a given local time due to the instantaneous response of self-focusing in the active element. The definition of the transmission per one cavity trip introduced above is in agreement with the approach adopted in the description of the lasing dynamics.
Transformation of the spontaneous field into ultrashort pulses, with one pulse per cavity period and stable prolonged lasing, becomes possible because of a fine balance of opposite effects. The amplification and the intensity-dependent diffraction losses on the aperture, calculated for the cavity parameters shown in Fig. 2 , enhance the main field maximum and suppress the background noise. In the time domain the amplification advances the field in the time window and the filter delays the field. Relaxation of the gain and its depletion by the output radiation field are compensated by the pumping action.
We carried out a numerical simulation of the dynamics of the system for the following parameters: A m = 1.5; Tj! = 3.5 us; the linear loss factor L = 0.97 for the exit mirror (4); the step of a time network for the output radiation field AT = 500 fs; the coherence time of the noise radiation of the active medium r coh = 500 fs; the characteristic time of the spectral filter tf = 500 fs; the initial noise level ( ff 32^cav) ' So = 10~5; the cavity parameters given in Fig. 2 . This was done to find the pump intensities at which such a balance is achieved.
It follows from these calculations that discrimination of fluctuations by self-focusing in the cavity with the parameters found by us is sufficiently strong to ensure the formation of a single stable ultrashort pulse and for the suppression of the satellites surrounding it, down to the level of the initial stochastic noise radiation of the active medium. It follows from the observation of the pattern of evolution of the output radiation field in KLML lasers that an isolated and stable ultrashort pulse forms when the pump intensity is varied in a certain interval and this process is replaced either by generation of the noise radiation for an unlimited time in the case of low pump intensities or by the formation of numerous (in one cavity period) high-intensity ultrashort pulses with random transfer of energy between them at high pump intensities (inefficient mode locking). The limits of this interval of efficient mode locking, considered as a function of one of the laser parameters, form closed mode-locking zones whose dimensions and relative positions are of practical interest in the construction and optimisation of KLML lasers.
We identified the mode-locking zones of a KLML laser by applying the criterion of efficient mode locking [20] , which corresponds to a high degree of concentration of the output radiation energy in the main maximum during the prolonged (assumed a priori) lasing time. In the case of continuous pumping, when continuous trains of ultrashort pulses are generated, this time is arbitrary, but if pulsed pumping is used, so that only limited trains of ultrashort pulses can be generated, the positions of the boundaries of the mode-locking zones depend strongly on the assumed duration of a train of ultrashort pulses in the case of efficient mode locking. We calculated the mode-locking zones for the selected pump pulse durations on the assumption that the train of ultrashort pulses was of more than 3 us duration. The modelocking zones were found to be independent of the selection of k 0 in expression (4), provided k 0 was greater than a certain value at which the pump intensity P k of the first trip (k = 0) was sufficiently small. Fig. 3 shows the mode-locking zones in a plane formed by the normalised peak pump intensity U p = <T 32 r cav / p and the position of the active element b x in the case of continuous and pulsed pumping. Variation of the length of the highly reflecting arm shows that the distribution of these zones along the b\ axis corresponds exactly to the positions of V L Kalashnikov, V P Kalosha, V P Mikhallov, I G Poloiko the discrimination zones (Fig. 2) . This is clear evidence that the main problem in ensuring Kerr-lens mode locking is tuning of the cavity so that it discriminates fluctuations. When this is done, an excess of the pumping rate above a threshold value, set by the lower limits of the mode-locking zones, results in stable generation of ultrashort pulses. The pump intensity at which such lasing occurs may be varied within a fairly wide range (by more than one order of magnitude). In the continuous pumping case this range is almost the same for all the selected lengths of the highly reflecting arm. Hence, it follows that the strength of the mechanism of mode locking by self-focusing is practically independent of the part of the discrimination zone to which the cavity is tuned. The lower limits of the zones shown in Fig. 3 determine the threshold pump intensities for mode locking by self-focusing. An increase in the duration of pulsed pumping causes the threshold to approach its value in the continuous pumping case. However, the upper limits of the zones, which determine the transition to the generation of several ultrashort pulses in one cavity period when the pump intensity is increased, lie much higher in the pulsed pumping case. This is due to the fact that, in a wide range of the peak intensity of the pulsed pumping which is varied smoothly, during some trips this intensity has values at which an isolated pulse is formed. Such a pulse is found to be fairly stable in spite of the subsequent (by almost an order of magnitude) increase in the pump intensity which stimulates the appearance of many pulses in one cavity period. If the pump intensity is varied less smoothly and the duration of the pump pulses is T p = 10 |is, the upper limit of the mode-locking zone labelled 5 is close to the upper limit of the corresponding zone in the case of continuous pumping.
An analysis of the fundamental eigenmode of a fourmirror cavity and generalisation of the solution of a parabolic equation for a self-focusing medium thus yield the range of the parameters in which the cavity is characterised by low losses on the aperture and, because of self-focusing in the active element, can have a higher transmission in a round trip at higher intensities of the mode field. These discrimination zones are calculated for laser systems which have already been built and they are of direct practical value in optimisation of KLML lasers. For the selected cavity parameters the investigated mechanism of discrimination of fluctuations of the output radiation field ensures efficient mode locking resulting in generation of a stable train of ultrashort pulses.
